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CONSTRUCTIONS OF HIGHEST WEIGHT MODULES OF
DOUBLE RINGEL-HALL ALGEBRAS VIA FUNCTIONS
MINGHUI ZHAO
Abstract. In [19], Zheng studied the bounded derived categories of constructible
Q¯l-sheaves on some algebraic stacks consisting of the representations of a enlarged
quiver and categorified the integrable highest weight modules of the corresponding
quantum group by using these categories. In this paper, we shall generalize Zheng’s
work to highest weight modules of a subalgebra of the double Ringel-Hall algebra
associated to a quiver in a functional version.
1. Introduction
Let U be a quantum group and U− its negative part. In [7, 8], Lusztig gave
a categorification of U− by using the additive category of perverse sheaves on the
varieties Eν,Q consisting of representations of the quiver Q corresponding to U. The
set of isomorphism classes of simple perverse sheaves gives the canonical basis of
U−. Kashiwara gave a combinatorial construction of this basis (called global crystal
basis) in [4].
Khovanov, Lauda ([5]) and Rouquier ([12]) introduced the KLR algebras respec-
tively. The category of finitely generated projective modules of the corresponding
KLR algebra gives a categorification of U−. Varagnolo, Vasserot ([16]) and Rouquier
([13]) proved that the set of isomorphism classes of indecomposable projective mod-
ules of the KLR algebra can categorify the canonical basis.
Let L(ω) be an integrable highest weight module of U with highest weight ω.
The canonical basis of U− induces the canonical basis of L(ω). In [19], Zheng gave
categorifications of L(ω) and its canonical basis by using the additive category of
perverse sheaves on the varieties Eν,Qˆ consisting of representations of the enlarged
quiver Qˆ. In [3], Kang and Kashiwara studied the category of finitely generated
projective modules of the cyclotomic KLR algebra and gave categorifications of L(ω)
and its canonical basis.
Associated to the category of representations of a quiver Q over a finite field of
q elements, Ringel ([11]) introduced the twisted Ringel-Hall algebra H∗q (Q) and its
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composition subalgebra. He also proved that U−|v=√q is isomorphic to the compo-
sition subalgebra of H∗q (Q). Green ([2]) introduced the comultiplication and Xiao
([17]) introduced the antipode on H∗q (Q). Under these operators, H
∗
q (Q) becomes a
Hopf algebra. In [17], Xiao also introduced the double Ringel-Hall algebra Dq(Q)
of Q and showed that U|v=√q is a Hopf subalgebra of Dq(Q). The representation
theory of Dq(Q) is studied by Deng and Xiao in [1]. Double Ringel-Hall algebra is
also studied by Sevenhant and Van den Bergh in [15].
Compared with quantum groups, it is important to give categorifications of the
Ringel-Hall algebra H∗q (Q) and its highest weight modules. In [18], Xiao, Xu and
Zhao generalized Lusztig’s categorifical constructions of a quantum group and its
canonical basis to the generic form of the whole Ringel-Hall algebra.
Denoted by Dˆq(Q) the subalgebra of Dq(Q) generated by u
+
i , u
−
α and Kµ. In this
paper, we shall generalize Zheng’s work to highest weight modules of Dˆq(Q) in a
functional version.
We shall introduce a space FQˆ of functions and three maps E+Qˆ,i, E−Qˆ,α and K±1Qˆ,i
on FQˆ. We will prove that the maps E+Qˆ,i, E−Qˆ,α and K±1Qˆ,i on FQˆ satisfy the defining
relations of u+i , u
−
α and K±i in Dˆq(Q). Hence the space FQˆ becomes a left Dˆ(Q)-
module by defining
K±i.f = K±1Qˆ,i(f) , u+i .f = E+Qˆ,i(f) and u−α .f = E−Qˆ,α(f).
The key of the proof is checking the following relation
E−
Qˆ,α
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,α
=
|Vi|
aα
∑
β∈P
aβE−Qˆ,β(v−〈β,i〉gαiβKQˆ,i − v〈β,i〉gαβiK−1Qˆ,i)
for any α ∈ P and i ∈ I.
In Section 2, we shall recall the definitions of double Ringel-Hall algebras and
highest weight modules. In Section 3, we shall introduce the space FQˆ and the maps
KQˆ,i, E+Qˆ,ni and E−Qˆ,α on FQˆ. The main theorem is also given in this section. The
proof of the main theorem will be given in Section 4.
2. Double Ringel-Hall algebras
2.1. Ringel-Hall algebras. In this section, we shall recall the definition of Ringel-
Hall algebras ([11]).
Let Q = (I,H, s, t) be a quiver, where I is the set of vertices, H is the set of
arrows and s, t : H → I are two maps sending an arrow h ∈ H to the start s(h) and
terminal t(h) respectively.
Let k = Fq be a finite field with q elements. A representation of the quiver Q over
k is a pair (V, x), where
(1) V =
⊕
i∈I Vi is a finite dimensional I-graded vector space;
(2) x = (xh)h∈H ∈
⊕
h∈H Homk(Vs(h), Vt(h)
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A morphism from (V, x) to (V′, x′) is an I-graded linear map f = (fi)i∈I : V → V′
such that ft(h)xh = x
′
hfs(h) for any h ∈ H . Denote by repkQ the abelian category
of representations of Q over k. For any representation V = (V, x) ∈ repkQ, the
dimension vector is defined as dimV = dimVii ∈ NI.
The Euler form on ZI is defined as
〈ν, ν ′〉 =
∑
i∈I
νiν
′
i −
∑
h∈H
νs(h)ν
′
t(h)
and the symmetric Euler form is defined as
(ν, ν ′) = 〈ν, ν ′〉+ 〈ν ′, ν〉
for any ν =
∑
i∈I νii and ν
′ =
∑
i∈I ν
′
ii. It is well known that
〈dimV, dimV ′〉 = dim kHomrepkQ(V, V ′)− dim kExtrepkQ(V, V ′),
for two representations V = (V, x) and V ′ = (V′, x′) in repkQ.
Let P be the set of isomorphism classes of objects in repkQ. For any α ∈ P,
choose an object Vα ∈ repkQ such that the isomorphism classes [Vα] is α. Denote by
aα for the order of the automorphism group of Vα. For convenience, the dimension
vector of Vα is still denoted by α.
Given three elements α1, α2 and α in P, denote by gαα1α2 the number of subrepre-
sentations W of Vα such that W ≃ Vα2 and V/W ≃ Vα1 in repkQ. Let v = √q ∈ C.
The Ringel-Hall algebra Hq(Q) is the Q(v)-space with basis {uα | α ∈ P} whose
multiplication is given by
uα1uα2 =
∑
α∈P
gαα1,α2uα.
Note that Hq(Q) is an associative Q(v)-algebra with unit u0, where 0 denotes the
isomorphism class of zero representation.
Define a twisted multiplication on Hq(Q) by
uα1 ∗ uα2 = v〈α1,α2〉
∑
α∈P
gαα1α2uα,
and H∗q (Q) = (Hq(Q), ∗) is called the twisted Ringel-Hall algebra.
2.2. Constructions of Ringel-Hall algebras via functions. In this section, we
shall recall the constructions of Ringel-Hall algebras via functions introduced by
Lusztig ([9, 6]).
For any ν ∈ NI, fix an I-graded vector space V = ⊕i∈I Vi of dimension vector ν.
Consider the variety
Eν,Q =
⊕
h∈H
Homk(Vs(h), Vt(h)).
The group Gν,I =
∏
i∈I GL(Vi) acts on Eν,Q by g.x = gxg
−1. Let FGν,I (Eν,Q) be the
space of Gν,I-invariant constructible functions on Eν,Q and
FQ =
⊕
ν∈NI
FGν,I (Eν,Q).
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Fix I-graded vector spaces V′, V′′ and V of dimension vector α, β and γ = α+ β
respectively. Consider the following correspondence
Eα,Q × Eβ,Q E ′ p2 //p1oo E ′′ p3 // Eγ,Q .
Here
(1) E ′′ is the variety of all pairs (x,W), where x ∈ Eγ,Q and W is a x-stable
I-graded vector subspace of V with dimension vector β,
(2) E ′ is the variety of all quadruples (x,W, ρ′, ρ′′), where (x,W) ∈ E ′′ and
ρ′ : V/W ∼= V′, ρ′′ : W ∼= V′′ are linear isomorphisms,
(3) p2 and p3 are natural projections,
(4) p1(x,W, ρ
′, ρ′′) = (x′, x′′) such that
x′hρ
′
s(h) = ρ
′
t(h)xh and x
′′
hρ
′′
s(h) = ρ
′′
t(h)xh
for any h ∈ H.
The group Gγ,I acts on E
′′ by g.(x,W) = (gxg−1, gW) for any g ∈ Gγ,I . The
groups Gα,I × Gβ,I and Gγ,I act on E ′ by (g1, g2).(x,W, ρ′, ρ′′) = (x,W, g1ρ′, g2ρ′′)
and g.(x,W, ρ′, ρ′′) = (gxg−1, gW, ρ′g−1, ρ′′g−1) for any (g1, g2) ∈ Gα,I × Gβ,I and
g ∈ Gγ,I . The map p1 is Gα,I × Gβ,I × Gγ,I-equivariant (Gγ,I acts on Eα,Q × Eβ,Q
trivially) and p2 is a principal Gα,I ×Gβ,I-bundle.
Consider the following map
Ind : FGα,I×Gβ,I (Eα,Q × Eβ,Q)→ FGγ,I (Eγ,Q),
which is the composition of the following maps
FGα,I×Gβ,I (Eα,Q ×Eβ,Q)
p∗1 // FGα,I×Gβ,I×Gγ,I (E ′)
(p∗2)
−1
// FGγ,I (E ′′)
(p3)! // FGγ,I (Eγ,Q) .
For two functions f1 ∈ FGα,I (Eα,Q) and f2 ∈ FGβ,I(Eβ,Q), let g(x1, x2) = f1(x1)f2(x2)
for any (x1, x2) ∈ Eα,Q ×Eβ,Q and set
f1 ∗ f2 = v−mα,β Ind(g)
where mα,β =
∑
h∈H αs(h)βt(h) +
∑
i∈I αiβi. The algebra (FQ, ∗) is still denoted by
FQ.
For any α ∈ P, let Oα be the Gα,I-orbit of Vα in Eα,Q and 1α the constant function
on Oα with value 1. It is directed that
1α ∗ 1β(x) = v−mα,βgγαβ
for any x ∈ Oγ .
Theorem 2.1 ([9, 6]). There is an isomorphism of algebras
ϕ : H∗q (Q)→ FQ
defined by sending uα to v
dimVα−dimGα1α.
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Denote by
ΦQ,Q′ : FGν,I (Eν,Q)→ FGν,I (Eν,Q′)
the Fourier transform, where Q = (I,H) and Q′ = (I,H ′) are two quivers with the
same underlying graph and different orientations ([15]).
On the relation between the Fourier transforms and the multiplication on FQ, we
have the following proposition.
Proposition 2.2 ([15]). For two functions f1 ∈ FGα,I (Eα,Q) and f2 ∈ FGβ,I (Eβ,Q),
ΦQ,Q′(f1 ∗ f2) = ΦQ,Q′(f1) ∗ ΦQ,Q′(f2),
where Q = (I,H) and Q′ = (I,H ′) are two quivers with the same underlying graph
and different orientations.
2.3. Double Ringel-Hall algebras. In this section, we shall recall the definition
of double Ringel-Hall algebra of Q introduced by Xiao ([17]).
Let H˜+q (Q) be the free Q(v)-module with basis {Kµu+α | µ ∈ ZI, α ∈ P}. The
multiplication is defined as:
(1) u+αu
+
β = v
〈α,β〉∑
λ∈P g
λ
αβu
+
λ for all α, β ∈ P,
(2) Kµu
+
α = v
(µ,α)u+αKµ for all α ∈ P and µ ∈ ZI,
(3) KνKµ = Kν+µ for all ν, µ ∈ ZI,
and the unit is 1 = u+0 = K0. The comultiplication ∆ is defined as:
(1) ∆(u+λ ) =
∑
α,β∈P v
〈α,β〉 aαaβ
aλ
gλαβu
+
αKβ ⊗ u+β for all λ ∈ P,
(2) ∆(Kµ) = Kµ ⊗Kµ for all µ ∈ ZI,
and the counit ǫ is defined as:
(1) ǫ(u+λ ) = 0 for all λ 6= 0 ∈ P,
(2) ǫ(Kµ) = 1 for all µ ∈ ZI.
The antipode S is defined as:
(1) S(u+λ ) = δλ0 +
∑
m>1(−1)m
∑
v2
∑
i<j〈λi,λj〉 aλ1 ...aλm
aλ
gλλ1,...,λmg
π
λ1,...,λm
K−λu+π for
all λ ∈ P, where π ∈ P, λi ∈ P − {0} for any 1 6 i 6 m,
(2) S(Kµ) = K−µ for all µ ∈ ZI.
With these operators, H˜+q (Q) becomes a Hopf algebra.
The Hopf algebra H˜+q (Q) is called the extended twisted Ringel-Hall algebra of Q.
Let H+q (Q) be the subalgebra of H˜
+
q (Q) with basis {u+α | α ∈ P}.
Similarly, one can define the extended twisted Ringel-Hall algebra H˜−q (Q) with an
Q(v)-basis {Kµu−α | µ ∈ ZI, α ∈ P}. Let H−q (Q) be the subalgebra of H˜−q (Q) with
basis {u−α | α ∈ P}.
There is a bilinear form ϕ : H˜+q (Q)× H˜−q (Q)→ Q(v) such that
ϕ(Kµu
+
α , Kνu
−
β ) = v
−(µ,ν)−(α,ν)+(µ,β) |Vα|
aα
δαβ ,
which is a skew-Hopf pairing.
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Denote by D˜q(Q) the Drinfeld double of (H˜
+
q (Q), H˜
−
q (Q), ϕ). The ideal of D˜q(Q)
generated by {Kµ ⊗ 1 − 1 ⊗ Kµ | µ ∈ ZI} is a Hopf ideal. Denote by Dq(Q) the
quotient of D˜q(Q) module this Hopf ideal. Note that Dq(Q) is a Hopf algebra,
which is called the reduced Drinfeld double of Ringel-Hall algebra of Q or double
Ringel-Hall algebra of Q for simplicity.
The double Ringel-Hall algebra admits the following triangular decomposition
Dq(Q) = H
−
q (Q)⊗ T ⊗H+q (Q),
where T is the torus subalgebra generated by {Kµ | µ ∈ ZI}.
Note that there are two isomorphisms of algebras + : H∗q (Q) → H+q (Q) mapping
uλ to u
+
λ and
− : H∗q (Q)→ H−q (Q) mapping uλ to u−λ for all λ ∈ P.
In Dq(Q), Xiao proved the following formulas.
Proposition 2.3 ([17]). For any i ∈ I and α ∈ P, we have
(1) u−i u
+
α − u+αu−i = |Vi|aα
∑
β∈P aβu
+
β (v
〈β,i〉gαβiKi − v−〈β,i〉gαiβK−i),
(2) u−αu
+
i − u+i u−α = |Vi|aα
∑
β∈P aβu
−
β (v
−〈β,i〉gαiβKi − v〈β,i〉gαβiK−i).
Denoted by Dˆq(Q) the subalgebra of Dq(Q) generated by u
+
i (i ∈ I), u−α (α ∈ P)
and Kµ(µ ∈ ZI).
The definition of Dq(Q) and Proposition 2.3 imply the following proposition.
Proposition 2.4. The algebra Dˆq(Q) is the associative algebra generated by u
+
i (i ∈
I), u−α (α ∈ P) and Kµ(µ ∈ ZI) subject to the following relations:
(1) K0 = u
+
0 = u
−
0 = 1, KµKν = Kµ+ν for any µ, ν ∈ ZI,
(2) Kµu
+
i = v
(µ,i)u+i Kµ for any i ∈ I and µ ∈ ZI,
(3) Kµu
−
β = v
−(β,µ)u−βKµ for any β ∈ P and µ ∈ ZI,
(4)
∑1−(i,j)
m=0 (−1)m(u+i )(m)u+j (u+i )(1−(i,j)−m) = 0 for any i 6= j,
(5) u−αu
−
β = v
〈α,β〉∑
λ∈P g
λ
αβu
−
λ for any α, β ∈ P,
(6) u−αu
+
i − u+i u−α = |Vi|aα
∑
β∈P aβu
−
β (v
−〈β,i〉gαiβKi− v〈β,i〉gαβiK−i) for any i ∈ I and
α ∈ P,
where (u+i )
(m) = (u+i )
m/[m]v! and [m]v! =
∏m
h=1
vh−v−h
v−v−1 .
2.4. Quantum groups and composition subalgebras. In this section, we shall
recall the definition of quantum groups ([10]).
Let aij = (i, j) and A = (aij)i,j∈I be the symmetric generalized Cartan matrix
associated to the quiver Q. Let v be an indeterminate.
The quantum group U associated to the quiver Q is an associative algebra over
Q(v) with unit element 1, generated by the elements Ei, Fi(i ∈ I) and Kµ(µ ∈ ZI)
subject to the following relations
(1) K0 = 1 and KµKν = Kµ+ν for all µ, ν ∈ ZI,
(2) KµEi = v
(µ,i)EiKµ for all i ∈ I, µ ∈ ZI,
(3) KµFi = v
−(µ,i)FiKµ for all i ∈ I, µ ∈ ZI,
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(4)
∑1−aij
k=0 (−1)kE(k)i EjE(1−aij−k)i = 0 for all i 6= j ∈ I,
(5)
∑1−aij
k=0 (−1)kF (k)i FjF (1−aij−k)i = 0 for all i 6= j ∈ I,
(6) EiFj − FjEi = δij Ki−K−iv−v−1 for all i, j ∈ I,
where E
(n)
i = E
n
i /[n]v! and F
(n)
i = F
n
i /[n]v!.
The quantum group U has the following triangular decomposition
U ∼= U− ⊗U0 ⊗U+,
where U−, U+ and U0 are the subalgebras U generated by Fi, Ei and Kµ for all
i ∈ I and µ ∈ ZI respectively.
Denoted by Dc(Q) the subalgebra of Dq(Q) generated by u
±
i (i ∈ I) and Kµ(µ ∈
ZI). The algebra Dc(Q) is called the composition subalgebra of Dq(Q). Note the
Dc(Q) is also the subalgebra of Dˆq(Q) generated by u
±
i (i ∈ I) and Kµ(µ ∈ ZI).
On the relation between the composition subalgebra Dc(Q) and quantum group
U of the quiver Q, we have the following theorem.
Theorem 2.5 ([11, 2, 17]). There is an isomorphism of algebras
Φq : Dc(Q)→ U|v=√q
defined by sending u+i to Ei, u
−
i to −vFi and Kµ to Kµ.
2.5. Highest weight modules. Similarly to the representation theory of a double
Ringel-Hall algebra introduced in [1], we can consider the representation theory of
its subalgebra Dˆq(Q).
Given ω =
∑
i∈I ωii ∈ NI, denote by M(ω) the Verma module of Dˆq(Q), which
is the quotient of Dˆq(Q) by the left ideal generated by u
+
i , Ki − vωi for all i ∈ I.
Denote by ηω ∈M(ω) the coset of K0 in Dˆq(Q).
Denote by L(ω) the quotient of M(ω) by the left ideal generated by (u−i )
ωi+1 for
all i ∈ I. The coset of ηω is still denoted by ηω in L(ω).
The modules M(ω) and L(ω) are highest weight modules of Dˆq(Q).
3. Constructions of highest weight modules via functions
3.1. The spaces FQˆ. For a quiver Q = (I,H, s, t), let Iˆ = I ∪ {ˆi | i ∈ I} and
Hˆ = H ∪ {hi | i ∈ I}, where hi is an arrow that connects i and iˆ. The quiver
Qˆ = (Iˆ , Hˆ, s, t) is called an enlarged quiver of Q.
For any ν ∈ NIˆ, fix an Iˆ-graded vector space V = ⊕i∈Iˆ Vi of dimension vector ν.
Consider the variety
Eν,Qˆ =
⊕
h∈Hˆ
Homk(Vs(h), Vt(h)).
The group Gν,I acts on Eν,Qˆ by g.x = gxg
−1. Let FGν,I (Eν,Qˆ) be the space of Gν,I-
invariant constructible functions on Eν,Qˆ.
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Denote by
ΦQˆ,Qˆ′ : FGν,I (Eν,Qˆ)→ FGν,I (Eν,Qˆ′)
the Fourier transform, where Qˆ = (Iˆ, Hˆ) and Qˆ′ = (Iˆ , Hˆ ′) are two enlarged quivers
with the same underlying graph and different orientations ([15]).
For any i ∈ I, choose an enlarged quiver iQˆ such that i is a source. Let iEν,iQˆ be
the subvariety of Eν,iQˆ consisting of all x = (xh)h∈Hˆ such that
⊕
h∈Hˆ,s(h)=i
xh : Vi →
⊕
h∈Hˆ,s(h)=i
Vt(h)
is injective. Denote by Nν,iQˆ,i the subspace of FGν,I (Eν,iQˆ) consisting of the functions
f such that suppf ∩ iEν,iQˆ = ∅. Denote by jν,iQˆ : iEν,iQˆ → Eν,iQˆ the natural
embedding.
For a general enlarged quiver Qˆ, denote by Nν,Qˆ,i the subspace of FGν,I (Eν,Qˆ)
consisting of the functions f such that ΦiQˆ,Qˆ(f) ∈ Nν,iQˆ,i. Since ΦQˆ′,Qˆ′′ΦQˆ,Qˆ′ = ΦQˆ,Qˆ′′
for enlarged quivers Qˆ, Qˆ′ and Qˆ′′ with the same underlying graph, the subspace
Nν,Qˆ,i is independent of the choice of iQˆ.
Let Nν,Qˆ be the subspace of FGν,I (Eν,Qˆ) generated by Nν,Qˆ,i for various i ∈ I and
Fν,Qˆ = FGν,I (Eν,Qˆ)/Nν,Qˆ.
Let
FQˆ =
⊕
ν∈NIˆ
Fν,Qˆ.
Fix two enlarged quivers Qˆ = (Iˆ , Hˆ) and Qˆ′ = (Iˆ , Hˆ ′) with the same underlying
graph and different orientations. Since ΦQˆ,Qˆ′(Nν,Qˆ,i) = Nν,Qˆ′,i for any i ∈ I, it
holds that ΦQˆ,Qˆ′(Nν,Qˆ) = Nν,Qˆ′. Hence the Fourier transform ΦQˆ,Qˆ′ : FGν,I (Eν,Qˆ) →
FGν,I (Eν,Qˆ′) induces the following map
ΦQˆ,Qˆ′ : Fν,Qˆ → Fν,Qˆ′.
Remark 3.1. In [19], Zheng studied the algebraic stack [Eν,Qˆ/Gν,I ] and the bounded
derived category D([Eν,Qˆ/Gν,I ]) of constructible Q¯l-sheaves on it. Then, Zheng stud-
ied a subcategory Nν of the the derived category D([Eν,Qˆ/Gν,I ]) and the localized
category Dν = D([Eν,Qˆ/Gν,I ])/Nν. Here we study FGν,I (Eν,Qˆ), the subspace Nν,Qˆ of
FGν,I (Eν,Qˆ) and the quotient space Fν,Qˆ = FGν,I (Eν,Qˆ)/Nν,Qˆ, which are the functional
versions of D([Eν,Qˆ/Gν,I ]), Nν and Dν respectively.
3.2. The maps KQˆ,i. For any i ∈ I and ν ∈ NIˆ, define
KQˆ,i = vν¯i−νiId : FGν,I (Eν,Qˆ)→ FGν,I (Eν,Qˆ),
where ν¯i =
∑
h∈Hˆ,s(h)=i νt(h) +
∑
h∈Hˆ,t(h)=i νs(h) − νi.
On the relation between the maps KQˆ,i and the Fourier transforms, Zheng proved
the following proposition.
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Proposition 3.2 ([19]). For any two enlarged quivers Qˆ and Qˆ′ with the same
underlying graph, it holds that
ΦQˆ,Qˆ′KQˆ,i = KQˆ′,iΦQˆ,Qˆ′.
In [19], Zheng also proved the following propositions.
Proposition 3.3 ([19]). For any i ∈ I and ν ∈ NIˆ, it holds that
KQˆ,i(Nν,Qˆ) ⊂ Nν,Qˆ.
Hence, the maps KQˆ,i : FGν,I (Eν,Qˆ)→ FGν,I (Eν,Qˆ) induce the following maps
KQˆ,i : Fν,Qˆ → Fν,Qˆ.
When i is a source of Qˆ, define
iKQˆ,i = vν¯i−νiId : FGν,I (iEν,Qˆ)→ FGν,I (iEν,Qˆ),
for any ν ∈ NIˆ.
By the definition of iKQˆ,i and KQˆ,i, we have the following commutative diagram
(1) FGν,I (Eν,Qˆ)
j∗
ν,Qˆ

K
Qˆ,i // FGν,I (Eν,Qˆ)
j∗
ν,Qˆ

FGν,I (iEν,Qˆ)
iK
Qˆ,i // FGν,I (iEν,Qˆ).
Remark 3.4. The maps KQˆ,i are the functional versions of the functors KΩ,i in [19].
Proposition 3.2 and 3.3 are the functional versions of Proposition 3.3 and 3.4 in [19]
and the proofs are on the same.
3.3. The maps E+
Qˆ,ni
. For any ν, ν ′ ∈ NIˆ such that ν ′− ν ∈ NI, fix Iˆ-graded vector
spaces V =
⊕
i∈Iˆ Vi and V
′ =
⊕
i∈Iˆ V
′
i of dimension vector ν and ν
′ respectively.
Let
Fνν′ = {y ∈
⊕
j∈Iˆ
Hom(Vj, V
′
j ) | yj is injective and yjˆ = Id for any j ∈ I}
and Gνν′,I = Gν,I ×Gν′,I . The group Gνν′,I acts on Fνν′ by (g, g′).y = g′yg−1 for any
y ∈ Fνν′ and (g, g′) ∈ Gνν′,I .
Let
ZQˆ = {(x, x′, y) ∈ Eν,Qˆ × Eν′,Qˆ × Fνν′ | x′hys(h) = yt(h)xh for any h ∈ Hˆ}.
Consider the following two maps p : ZQˆ → Eν,Qˆ defined as p(x, x′, y) = x and
p′ : ZQˆ → Eν′,Qˆ defined as p′(x, x′, y) = x′.
When i is a source of Qˆ, let
iZQˆ = {(x, x′, y) ∈ ZQˆ | x′ ∈ iEν′,Qˆ}.
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Denote by ip and ip′ be the restrictions of p and p′ to iZQˆ respectively.
For any ν ∈ NIˆ and i ∈ I, let ν ′ = ν + ni and define
E+
Qˆ,ni
= v−nνi|Gν′|−1(ip)!(ip′)∗ : FGν′,I (Eν′,Qˆ)→ FGν,I (Eν,Qˆ).
On the relation between the maps E+
Qˆ,ni
and the Fourier transforms, Zheng proved
the following proposition.
Proposition 3.5 ([19]). For any two enlarged quivers Qˆ and Qˆ′ both having i as
sources, it holds that
ΦQˆ,Qˆ′E+Qˆ,ni = E+Qˆ′,niΦQˆ,Qˆ′.
In [19], Zheng also proved the following proposition.
Proposition 3.6 ([19]). For any enlarged quiver Qˆ such that i is a source, it holds
that
E+
Qˆ,ni
(Nν+ni,Qˆ) ⊂ Nν,Qˆ.
Hence, the maps E+
Qˆ,ni
: FGν+ni,I (Eν+ni,Qˆ)→ FGν,I (Eν,Qˆ) induce the following maps
E+
Qˆ,ni
: Fν+ni,Qˆ → Fν,Qˆ.
For a general enlarged quiver Qˆ, choose a new enlarged quiver iQˆ with the same
underlying graph and having i as source. Consider the following maps
E+
Qˆ,ni
= ΦiQˆ,QˆE+iQˆ,niΦQˆ,iQˆ : Fν+ni,Qˆ → Fν,Qˆ.
Proposition 3.5 implies that the definition of E+
Qˆ,ni
is independent of the choice of iQˆ
for any i ∈ I.
When i is a source of Qˆ, Imip ⊂ iEν,Qˆ and Imip′ ⊂ iEν′,Qˆ. Hence, we can define
iE+Qˆ,ni = v−nνi|Gν′|−1(ip)!(ip′)∗ : FGν′,I (iEν′,Qˆ)→ FGν,I (iEν,Qˆ),
for any ν ∈ NIˆ and ν ′ = ν + ni.
On the relation between iE+
Qˆ,ni
and E+
Qˆ,ni
, we have the following commutative dia-
gram ([19])
(2) FGν′,I (Eν′,Qˆ)
j∗
ν′,Qˆ

E+
Qˆ,ni // FGν,I (Eν,Qˆ)
FGν′,I (iEν′,Qˆ)
iE+
Qˆ,ni // FGν,I (iEν,Qˆ).
(j
ν,Qˆ
)!
OO
Remark 3.7. The maps E+
Qˆ,ni
are the functional versions of the functors E (n)Ω,i in [19].
Proposition 3.5 and 3.6 are the functional versions of Proposition 3.3 and 3.4 in [19]
and the proofs are on the same.
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3.4. The maps E−
Qˆ,α
. For any α ∈ P and ν ∈ NIˆ, let ν ′ = ν+α. Fix Iˆ-graded vector
spaces V =
⊕
i∈Iˆ Vi and V
′ =
⊕
i∈Iˆ V
′
i of dimension vector ν and ν
′ respectively.
Let
ZQˆ,α = {(x, x′, y) ∈ ZQˆ | [Vx′/Imy] = α},
where Vx′ = (V
′, x′). The restrictions of p and p′ are still denoted by p and p′. Define
E−
Qˆ,α
= (−v)dimVαv〈α,ν〉+dimVα|Gν |−1p′!p∗ : FGν,I (Eν,Qˆ)→ FGν′,I (Eν′,Qˆ).
Remark 3.8. When α = i, the map E−
Qˆ,α
is the functional version of the functor
FΩ,i in [19].
Similarly to the definition of the multiplication ∗ on FQ in Section 2.2, we can
give an alternative description of E−
Qˆ,α
.
Fix an Iˆ-graded vector space Vα of dimension vector α. Consider the following
correspondence
Eα,Q × Eν,Qˆ E ′
p2 //p1oo E ′′
p3 // Eν′,Qˆ .
Here
(1) E ′′ is the variety of all pairs (x,W), where x ∈ Eν′,Qˆ and W is a x-stable
Iˆ-graded vector subspace of V′ with dimension vector ν;
(2) E ′ is the variety of all quadruples (x,W, ρ1, ρ2) where (x,W) ∈ E ′′ and
ρ1 : V/W ∼= Vα, ρ2 : W ∼= V are linear isomorphisms;
(3) p2 and p3 are natural projections;
(4) p1(x,W, ρ1, ρ2) = (x
′, x′′) such that
x′h(ρ1)s(h) = (ρ1)t(h)xh and x
′′
h(ρ2)s(h) = (ρ2)t(h)xh
for any h ∈ Hˆ.
The group Gν′,I acts on E
′′ by g.(x,W) = (gxg−1, gW) for any g ∈ Gν′,I . The
groups Gα,I × Gν,I and Gν′,I act on E ′ by (g1, g2).(x,W, ρ1, ρ2) = (x,W, g1ρ1, g2ρ2)
and g.(x,W, ρ1, ρ2) = (gxg
−1, gW, ρ1g−1, ρ2g−1) for any (g1, g2) ∈ Gα,I × Gν,I and
g ∈ Gν′,I . The map p1 is Gα,I × Gν,I × Gν′,I-equivariant (Gν′,I acts on Eα,Q × Eν,Qˆ
trivially) and p2 is a principal Gα,I ×Gν,I-bundle.
Consider the following map
Ind : FGα,I×Gν,I (Eα,Q ×Eν,Qˆ)→ FGν′,I (Eν′,Qˆ)
as the composition of the following maps
FGα,I×Gν,I (Eα,Q ×Eν,Qˆ)
p∗1 // FGα,I×Gν,I×Gν′,I (E ′)
(p∗2)
−1
// FGν′,I (E ′′)
(p3)! // FGν′,I (Eν′,Qˆ) .
For two functions f1 ∈ FGα,I (Eα,Q) and f2 ∈ FGν,I (Eν,Qˆ), let g(x1, x2) = f1(x1)f2(x2)
for any (x1, x2) ∈ Eα,Q ×Eν,Qˆ. Then g ∈ FGα,I×Gν,I (Eα,Q × Eν,Qˆ). Set
f1 ∗ f2 = v−mα,ν Ind(g).
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Proposition 3.9. For any α ∈ P and f ∈ FGν,I (Eν,Qˆ), we have
E−
Qˆ,α
(f) = (−v)dimVαv〈α,ν〉+dimVα+mα,ν1α ∗ f.
Proof. For any β ∈ P with dimension vector ν, γ ∈ P with dimension vector ν ′ =
ν + α and xγ ∈ Oγ,
E−
Qˆ,α
(1β)(xγ) = (−v)dimVαv〈α,ν〉+dimVα |Gν |−1p′!p∗(1β)(xγ)
= (−v)dimVαv〈α,ν〉+dimVα |Gν |−1
∑
(x,xγ ,y)∈ZQˆ,α
p∗(1β)(x, xγ , y)
= (−v)dimVαv〈α,ν〉+dimVα |Gν |−1
∑
(x,xγ ,y)∈ZQˆ,α
1β(x)
= (−v)dimVαv〈α,ν〉+dimVα |Gν |−1|(x, xγ, y) ∈ ZQˆ,α, x ∈ Oβ|
= (−v)dimVαv〈α,ν〉+dimVα |Gν |−1|Gν|gγαβ
= (−v)dimVαv〈α,ν〉+dimVα+mα,ν1α ∗ 1β(xγ).
That is E−
Qˆ,α
(1β) = (−v)dimVαv〈α,ν〉+dimVα+mα,ν1α ∗ 1β.
For any f ∈ FGν,I (Eν,Qˆ), f is a linear combination of 1β for various β ∈ P and we
have E−
Qˆ,α
(f) = (−v)dimVαv〈α,ν〉+dimVα+mα,ν1α ∗ f . 
Similarly to Proposition 2.2, we have the following proposition.
Proposition 3.10 ([15]). For two functions f1 ∈ FGα,I (Eα,Q) and f2 ∈ FGν,I (Eν,Qˆ),
ΦQˆ,Qˆ′(f1 ∗ f2) = ΦQ,Q′(f1) ∗ ΦQˆ,Qˆ′(f2),
where Q = (I,H) and Q′ = (I,H ′) are two quivers with the same underlying graph
and different orientations, Qˆ = (Iˆ , Hˆ) and Qˆ′ = (Iˆ, Hˆ ′) are enlarged quivers of Q
and Q′ respectively.
By using Proposition 3.9 and 3.10, we have the following proposition.
Proposition 3.11. For any enlarged quiver Qˆ, we have
E−
Qˆ,α
(Nν,Qˆ) ⊂ Nν+α,Qˆ.
Proof. Let a(v) = (−v)dimVαv〈α,ν〉+dimVα+mα,ν .
When i ∈ I is a source of Qˆ, it is clear that E−
Qˆ,α
(f) = a(v)1α ∗ f ∈ Nν+α,Qˆ,i for
any f ∈ Nν,Qˆ,i.
For a general enlarged quiver Qˆ, choose a new enlarged quiver iQˆ with the same
underlying graph and having i as source. For any f ∈ Nν,Qˆ,i, there is a function
f ′ ∈ Nν,iQˆ,i such that f = ΦiQˆ,Qˆ(f ′). Hence
E−
Qˆ,α
(f) = a(v)1α ∗ f = a(v)1α ∗ ΦiQˆ,Qˆ(f ′).
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Since 1α = ΦiQ,QΦQ,iQ(1α),
E−
Qˆ,α
(f) = a(v)ΦiQ,QΦQ,iQ(1α) ∗ ΦiQˆ,Qˆ(f ′) = a(v)ΦiQˆ,Qˆ(ΦQ,iQ(1α) ∗ f ′).
Note that ΦQ,iQ(1α) =
∑
γ∈P aγ1γ for some aγ ∈ C. Hence
E−
Qˆ,α
(f) = a(v)ΦiQˆ,Qˆ(
∑
γ∈P
aγ(1γ ∗ f ′)).
Since 1γ ∗ f ′ ∈ Nν+α,iQˆ,i, E−Qˆ,α(f) ∈ Nν+α,Qˆ,i.
By the definition of Nν,Qˆ, we get the desired result. 
Hence, the maps E−
Qˆ,α
: FGν,I (Eν,Qˆ)→ FGν+α,I (Eν+α,Qˆ) induce the following maps
E−
Qˆ,α
: Fν,Qˆ → Fν+α,Qˆ.
When i is a source of Qˆ, let
iZQˆ,α = {(x, x′, y) ∈ ZQˆ,α | x′ ∈ iEν′,Qˆ}.
Denote by ip and ip′ be the restrictions of p and p′ to iZQˆ,α respectively.
For any α ∈ P such that Vi is not a direct summand of Vα, define
iE−Qˆ,α = (−v)dimVαv〈α,ν〉+dimVα|Gν |−1(ip′)!(ip)∗ : FGν,I (iEν,Qˆ)→ FGν′,I (iEν′,Qˆ).
By Proposition 3.11, we have the following commutative diagram on the relation
between iE−
Qˆ,α
and E−
Qˆ,α
(3) FGν,I (Eν,Qˆ)
E−
Qˆ,α //
j∗
ν,Qˆ

FGν′,I (Eν′,Qˆ)
j∗
ν′,Qˆ

FGν,I (iEν,Qˆ)
iE−
Qˆ,α // FGν′,I (iEν′,Qˆ).
3.5. Main results.
Theorem 3.12. On the maps E+
Qˆ,i
(i ∈ I), E−
Qˆ,α
(α ∈ P) and K±1
Qˆ,i
(i ∈ I), we have the
following relations:
(1) KQˆ,iKQˆ,j = KQˆ,jKQˆ,i for any i, j ∈ I,
(2) KQˆ,jE+Qˆ,i = v(j,i)E+Qˆ,iKQˆ,j for any i, j ∈ I,
(3) KQˆ,jE−Qˆ,α = v−(α,j)E−Qˆ,αKQˆ,j for any j ∈ I and α ∈ P,
(4)
∑1−(i,j)
m=0 (−1)m(E+Qˆ,i)(m)E+Qˆ,j(E+Qˆ,i)(1−(i,j)−m) = 0 for any i 6= j ∈ I,
(5) E−
Qˆ,α
E−
Qˆ,β
= v〈α,β〉
∑
λ∈P g
λ
αβE−Qˆ,λ for any α, β ∈ P,
(6) E−
Qˆ,α
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,α
= |Vi|
aα
∑
β∈P aβE−Qˆ,β(v−〈β,i〉gαiβKQˆ,i − v〈β,i〉gαβiK−1Qˆ,i) for any
α ∈ P and i ∈ I.
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The Relation (1)-(3) are directed from the definitions. The Relation (4) is Theorem
3.9 (8) in [19]. The proofs of Relation (5) and (6) will be given in Section 4.
As a corollary of Theorem 3.12 and Proposition 2.4, we have the following theorem.
Theorem 3.13. By defining
K±i.f = K±1Qˆ,i(f) , u+i .f = E+Qˆ,i(f) and u−α .f = E−Qˆ,α(f),
the space FQˆ becomes a left Dˆ(Q)-module.
For any ω =
∑
i∈I ωii ∈ ZI, let 1ω be the constant function on Eωˆ,Qˆ with value 1,
where ωˆ =
∑
i∈I ωiiˆ. Denote by FQˆ,ω the submodule of FQˆ generated by 1ω. By the
definition, FQˆ,ω is a highest weight module of Dˆq(Q) with highest weigh ω.
For the relation between FQˆ,ω and L(ω), we have the following theorem.
Theorem 3.14. There is an epimorphism of Dˆ(Q)-modules from L(ω) to FQˆ,ω.
Proof. There is an epimorphism of Dˆ(Q)-modules from Dˆ(Q) to FQˆ,ω. Since the
image of the left ideal generated by u+i , Ki− vωi and (u−i )ωi+1 for all i ∈ I is 0, there
exists an epimorphism of Dˆ(Q)-modules from L(ω) to FQˆ,ω. 
4. The proofs of Relation (5) and (6) in Theorem 3.12
Proposition 4.1 (Relation (5) in Theorem 3.12). For any α, β ∈ P, we have
E−
Qˆ,α
E−
Qˆ,β
= v〈α,β〉
∑
γ∈P
gγαβE−Qˆ,γ.
Proof. By Proposition 3.9, we have E−
Qˆ,α
(f) = (−v)dimVαv〈α,ν〉+dimVα+mα,ν1α ∗ f for
any f ∈ FGν,I (Eν,Qˆ).
Similarly to the associativity of multiplication of a Hall algebra, we have
1α ∗ (1β ∗ f) = (1α ∗ 1β) ∗ f.
Hence,
E−
Qˆ,α
E−
Qˆ,β
(f)
= (−v)dimVαv〈α,ν+β〉+dimVα+mα,ν+β(−v)dimVβv〈β,ν〉+dimVβ+mβ,ν1α ∗ (1β ∗ f)
= (−v)dimVα+βv〈α+β,ν〉+〈α,β〉+dimVα+β+mα+β,ν+mα,β(1α ∗ 1β) ∗ f
=
∑
γ∈P
(−v)dimVγv〈γ,ν〉+〈α,β〉+dimVγ+mγ,νgγαβ1γ ∗ f
= v〈α,β〉
∑
γ∈P
gγαβE−Qˆ,γ(f)
and we have the desired result. 
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Proposition 4.2 (Relation (6) in Theorem 3.12). For any α ∈ P and i ∈ I, we
have
E−
Qˆ,α
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,α
=
|Vi|
aα
∑
β∈P
aβE−Qˆ,β(v−〈β,i〉gαiβKQˆ,i − v〈β,i〉gαβiK−1Qˆ,i).
For the proof of Proposition 4.2, we need the following lemmas.
Lemma 4.3. For any i ∈ I such that i is a source and α ∈ P such that Vi is not a
direct summand of Vα, we have
iE−Qˆ,αiE+Qˆ,i − iE+Qˆ,iiE−Qˆ,α =
|Vi|
aα
∑
β∈P
aβ
iE−Qˆ,β(v−〈β,i〉gαiβiKQˆ,i − v〈β,i〉gαβiiK
−1
Qˆ,i).
Proof. Since i is a source and α ∈ P such that Vi is not a direct summand of Vα, we
have
−|Vi|
aα
∑
β∈P
aβ
iE−Qˆ,βv〈β,i〉gαβiiK−1Qˆ,i = 0.
Hence, it is enough to prove
(4) iE−Qˆ,αiE+Qˆ,i − iE+Qˆ,iiE−Qˆ,α =
|Vi|
aα
∑
β∈P
aβ
iE−Qˆ,βv−〈β,i〉gαiβiKQˆ,i.
Fix ν ∈ NIˆ and let µ = ν + α, µ′ = ν − i and ν ′ = ν + α − i. Fix Iˆ-graded
vector spaces Vν , Vµ, Vν
′
and Vµ
′
with dimVν = ν, dimVµ = µ, dimVν
′
= ν ′ and
dimVµ
′
= µ′ respectively.
Consider the following diagram
(5) Y
π′ //
π

iEν′,Qˆ
Y1
r1
bb❋
❋
❋
❋
❋
❋
❋
❋
❋
❋
❋
̟′1 //
̟1

iZQˆ
ip2
OO
ip′2

iEν,Qˆ
iZQˆ,α
ip1oo
ip′1 // iEµ,Qˆ
where
(1) Y = iEν,Qˆ × iEν′,Qˆ = {(x, x′) | x ∈ iEν,Qˆ, x′ ∈ iEν′,Qˆ},
(2) π(x, x′) = x and π′(x, x′) = x′,
(3) Y1 =
iZQˆ,α ×iEµ,Qˆ iZQˆ, that is
Y1 = {(x, x1, x′, y, y′) | (x, x1, y) ∈ iZQˆ,α, (x1, x′, y′) ∈ iZQˆ},
(4) ̟1(x, x1, x
′, y, y′) = (x, x1, y) and ̟′1(x, x1, x
′, y, y′) = (x1, x′, y′),
(5) r1(x, x1, x
′, y, y′) = (x, x′),
(6) ip1(x, x1, y) = x and
ip′1(x, x1, y) = x1,
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(7) ip2(x1, x
′, y′) = x′ and ip′2(x1, x
′, y′) = x1.
By definition,
iE+Qˆ,iiE−Qˆ,α = (−v)dimVαv〈α,ν〉+dimVαv−ν
′
i|Gµ|−1|Gν |−1(ip2)!(ip′2)∗(ip′1)!(ip1)∗
= (−v)dimVαv〈α,ν〉+dimVα−ν′i|Gµ|−1|Gν |−1(ip2)!(̟′1)!(̟1)∗(ip1)∗
= (−v)dimVαv〈α,ν〉+dimVα−ν′i|Gµ|−1|Gν |−1(π′)!(r1)!(r1)∗(π)∗.
Consider the following decomposition of Y1 = Y11
⊔
Y12, where
Y11 = {(x, x1, x′, y, y′) ∈ Y1 | Imy ⊂Imy′}
and
Y12 = {(x, x1, x′, y, y′) ∈ Y1 | Imy 6⊂Imy′}.
Denote by r11 : Y11 → Y and r12 : Y12 → Y the restrictions of r1. And we have
iE+Qˆ,iiE−Qˆ,α = (−v)dimVαv〈α,ν〉+dimVα−ν
′
i |Gµ|−1|Gν |−1(π′)!(r1)!(r1)∗(π)∗(6)
= (−v)dimVαv〈α,ν〉+dimVα−ν′i |Gµ|−1|Gν |−1(π′)!(r11)!(r11)∗(π)∗
+(−v)dimVαv〈α,ν〉+dimVα−ν′i |Gµ|−1|Gν |−1(π′)!(r12)!(r12)∗(π)∗.
Similarly, consider the following diagram
(7) Y
π′ //
π

iEν′,Qˆ
Y2
r2
aa❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
̟′2 //
̟2

iZQˆ,α
ip′4
OO
ip4

iEν,Qˆ
iZQˆ
ip′3oo
ip3 // iEµ′,Qˆ
where
(1) Y2 =
iZQˆ ×iEµ′,Qˆ iZQˆ,α, that is
Y2 = {(x, x1, x′, y, y′) | (x, x1, y) ∈ iZQˆ, (x1, x′, y′) ∈ iZQˆ,α},
(2) ̟2(x, x1, x
′, y, y′) = (x, x1, y) and ̟′2(x, x1, x
′, y, y′) = (x1, x′, y′),
(3) r2(x, x1, x
′, y, y′) = (x, x′),
(4) ip′3(x, x1, y) = x and
ip3(x, x1, y) = x1,
(5) ip′4(x1, x
′, y′) = x′ and ip4(x1, x′, y′) = x1.
By definition,
E−
Qˆ,α
E+
Qˆ,i
= (−v)dimVαv〈α,µ′〉+dimVαv−µ′i|Gν |−1|Gµ′ |−1(ip′4)!(ip4)∗(ip3)!(ip′3)∗(8)
= (−v)dimVαv〈α,µ′〉+dimVα−µ′i |Gν |−1|Gµ′ |−1(ip′4)!(̟′2)!(̟2)∗(ip′3)∗
= (−v)dimVαv〈α,µ′〉+dimVα−µ′i |Gν |−1|Gµ′ |−1(π′)!(r2)!(r2)∗(π)∗.
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For any (x, x1, x
′, y, y′) ∈ Y2, we have the following diagram
V νi
xi // Vˆ νi
V µ
′
i
xi1 //
yi
OO
y′i

Vˆ µ
′
i
yi
OO
y′i

V ν
′
i
x′i // Vˆ ν
′
i
where Vˆi = ⊕h∈Hˆ,s(h)=iVt(h), yi = ⊕h∈Hˆ,s(h)=iyt(h) and xi = ⊕h∈Hˆ,s(h)=ixh. Note that
yi is an isomorphism.
Let Y21 be the subset of Y2 such that
Imy′i(yi)−1xi ⊂Imx′i
and Y22 = Y2\Y21. This condition implies that there is an embedding ι from Vν to
Vν
′
such that the following diagram is commutative for any (x, x1, x
′, y, y′) ∈ Y21
V µ
′
i
xi1 //
y′i

yi

Vˆ µ
′
i
y′
i

yi

V νi
xi //
ιi

Vˆ νi
ιi

V ν
′
i
x′i // Vˆ ν
′
i .
Since i is a source and α ∈ P such that Vi is not a direct summand of Vα, the set
Y21 is empty and Y2 = Y22.
Since Gµ (resp. Gµ′) acts on Y12 (resp. Y22) freely and there is a bijection between
Y12/Gµ and Y22/Gµ′ by Lemma 4.4, we have
|Gµ|−1(π′)!(r12)!(r12)∗(π)∗ = |Gµ′ |−1(π′)!(r2)!(r2)∗(π)∗.
Note that
v〈α,ν〉+dimVα−ν
′
i = v〈α,µ
′〉+dimVα−µ′i.
We have
v〈α,ν〉+dimVα−ν
′
i|Gµ|−1|Gν |−1(π′)!(r12)!(r12)∗(π)∗(9)
= v〈α,µ
′〉+dimVα−µ′i |Gν |−1|Gµ′ |−1(π′)!(r2)!(r2)∗(π)∗.
Formula (6), (8) and (9) imply that
iE−Qˆ,αiE+Qˆ,i − iE+Qˆ,iiE−Qˆ,α = −(−v)dimVαv〈α,ν〉+dimVα−ν
′
i |Gµ|−1|Gν |−1(π′)!(r11)!(r11)∗(π)∗.
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Hence, for the proof of Formula (4), it is enough to prove
(−v)dimVαv〈α,ν〉+dimVα−ν′i |Gµ|−1|Gν |−1(π′)!(r11)!(r11)∗(π)∗(10)
= −|Vi|
aα
∑
β∈P
aβE−Qˆ,βv−〈β,i〉gαiβiKQˆ,i.
By the commutative diagram (5), we have
(π′)!(r11)!(r11)∗(π)∗ = (ip2)!(̟′11)!(̟11)
∗(ip1)∗,
where ̟′11 and ̟11 are the restrictions of ̟
′
1 and ̟1 to Y11 respectively.
Consider the following decomposition of Y11 =
⊔
β∈P Y11β, where
Y11β = {(x, x1, x′, y, y′) ∈ Y11 | [Imy′/Imy] = β}.
Denote by ̟′11β and ̟11β the restrictions of ̟
′
11 and ̟11 to Y11β respectively and
we have
(ip2)!(̟
′
11)!(̟11)
∗(ip1)∗ =
∑
β∈P
(ip2)!(̟
′
11β)!(̟11β)
∗(ip1)∗.
Thus, for the proof of Formula (10), we just need to prove
(−v)dimVαv〈α,ν〉+dimVα−ν′i|Gµ|−1|Gν |−1(ip2)!(̟′11β)!(̟11β)∗(ip1)∗(11)
= −|Vi|aβ
aα
E−
Qˆ,β
v−〈β,i〉gαiβ
iKQˆ,i.
Denote by τ the canonical projection from Y11β to
iZQˆ,β. By Lemma 4.5, the
cardinality of the fiber of τ at a ∈ iZQˆ,β is |Gµ|gαiβ aβaα v−2〈i,ν〉. At the same time,
−|Vi|(−v)dimVβv〈β,ν〉+dimVβv−〈β,i〉vν¯i−νiv2〈i,ν〉 = (−v)dimVαv〈α,ν〉+dimVα−ν′i.
Hence
−|Vi|aβ
aα
E−
Qˆ,β
v−〈β,i〉gαiβ
iKQˆ,i
= −|Vi|(−v)dimVβv〈β,ν〉+dimVβ |Gν |−1v−〈β,i〉vν¯i−νi|Gµ|−1v2〈i,ν〉 ·
(ip2)!(̟
′
11β)!(̟11β)
∗(ip1)∗
= (−v)dimVαv〈α,ν〉+dimVα−ν′i|Gµ|−1|Gν |−1(ip2)!(̟′11β)!(̟11β)∗(ip1)∗
and we prove Formula (11). 
Lemma 4.4. With the notations in the proof of Lemma 4.3, there is a bijection
between Y12/Gµ and Y22/Gµ′.
Proof. For any (x, x1, x
′, y, y′) ∈ Y12, consider the following pull-back
(xˆ1,W)
yˆ′ //
yˆ

(x′,Vν
′
)
y′

(x,Vν)
y // (x1,V
µ).
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By the definition of Y12, dimW = µ
′. Fix a linear isomorphism σ : Vµ
′ →W. By the
definition of Y22, the element (x, σ
−1xˆ1σ, x′, yσ, y′σ) ∈ Y22. This induces a map θ from
Y12 to Y22/Gµ′. For two elements (x, x1, x
′, y, y′) and (x, x1, σx′σ−1, σy, σy′) ∈ Y12
with σ ∈ Gµ, θ(x, x1, x′, y, y′) = θ(x, x1, σx′σ−1, σy, σy′). Hence, the map θ induces
a map θ¯ from Y12/Gµ to Y22/Gµ′ .
For any (x, x1, x
′, y, y′) ∈ Y22, consider the following push-out
(x1,V
µ′)
y′ //
y

(x′,Vν
′
)
yˆ′

(x,Vν)
yˆ // (xˆ1,U).
By the definition of Y22, dimU = µ. Similarly to θ¯, we have a map ϑ¯ from Y22/Gµ′
to Y12/Gµ.
By the relation between pull-back and push-out, we have ϑ¯ is the inverse of θ¯ and
θ¯ is a bijection. 
Lemma 4.5. With the notations in the proof of Lemma 4.3, the cardinality of any
fiber of τ is v−2〈i,ν〉|Gµ|gαiβ aβaα .
Proof. Consider the following maps ([2, 14, 18])
B C
π1oo π2 // D
π3 // iZQˆ .
Here
(1) B is set of
0

L
a′

0 // N
a // J
where L,N, J are representations of the quiver Qˆ, a, a′ are homomorphisms
of representations and the row and column are exact,
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(2) C is set of
0

L
a′

0 // N
a // J
b′

b // M // 0
K

0
where L,N, J,M,K are representations of the quiver Qˆ, a, a′, b, b′ are homo-
morphisms of representations and the row and column are exact,
(3) D is set of
0

0

0 // L1
u′

u // L
v // L2
x

// 0
N
v′

M
y

0 // K1
x′ //

K
y′ // K2

// 0
0 0
where L,N,M,K, L1, L2, K1, K2 are representations of the quiver Qˆ, u, u
′,
v, v′, x, x′, y, y′ are homomorphisms of representations and the rows and
columns are exact,
(4) π1 is the canonical projection,
(5) π2(J, a, a
′, b, b′) = (L1, L2, K1, K2, u, u′, v, v′, x, x′, y, y′), where L1 = Kerb′a =
Kerba′, L2 = Imba′, K1 = Imb′a, K2 = Cokerb′a = Cokerba′, u, u′ and x, x′
are natural embeddings, v, v′ and x, x′ are natural projections,
(6) π1(L1, L2, K1, K2, u, u
′, v, v′, x, x′, y, y′) = (L1, L, u).
Fix N,L,M,K with dimN = ν, dimL = ν +β, dimK = i and [M ] = α. Then for
any x ∈ iZQˆ,β,
|π−13 (x)| = |Gβ|gαiβaβai|Gν||Gi|.
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Similarly to proof of Green formula ([2, 14, 18]),
|π−12 π−13 (x)| = gαiβaβai|Gµ|
|Ext(K2, L1)|
|Hom(K2, L1)| = g
α
iβaβai|Gµ|v−2〈i,ν〉.
Hence
|π1π−12 π−13 (x)| =
aβ
aα
gαiβ|Gµ|v−2〈i,ν〉.
Since π1π
−1
2 π
−1
3 (x) = τ
−1(x), the cardinality of the fiber τ at x is aβ
aα
gαiβ|Gµ|v−2〈i,ν〉.

Lemma 4.6 (Theorem 3.9 (6) in [19]). For any i ∈ I, we have
E−
Qˆ,i
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,i
=
v2
v2 − 1(KQˆ,i −K
−1
Qˆ,i
)
Now, we can give the proof of Proposition 4.2.
Proof of Proposition 4.2. By the definition of E+
Qˆ,i
, it is enough to prove this when i
is a source.
At first, assume that α ∈ P such that Vi is not a direct summand of Vα.
Lemma 4.3 and commutative diagrams (1)-(3) imply that
(12) (E−
Qˆ,α
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,α
)(f) =
|Vi|
aα
∑
β∈P
aβE−Qˆ,β(v−〈β,i〉gαiβKQˆ,i − v〈β,i〉gαβiK−1Qˆ,i)(f)
for any f ∈ FGν,I (Eν,Qˆ) such that suppf ⊂ iEν,Qˆ,
Formula (12) and Proposition 3.3, 3.6, 3.11 imply that
(13) (E−
Qˆ,α
E+
Qˆ,i
− E+
Qˆ,i
E−
Qˆ,α
)([f ]) =
|Vi|
aα
∑
β∈P
aβE−Qˆ,β(v−〈β,i〉gαiβKQˆ,i − v〈β,i〉gαβiK−1Qˆ,i)([f ])
for any [f ] ∈ Fν,Qˆ.
In general, for any α ∈ P, Vα ≃ kVi⊕ Vα′ such that Vi is not a direct summand of
Vα′ , we have
E−
Qˆ,α
= v−〈α
′,ki〉E−
Qˆ,α′
E−
Qˆ,ki
.
Hence, Formula (13) and Lemma 4.6 imply the desired result. 
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